Abstract: We show that if a compact hypersurface M ⊂ R n+1 , n ≥ 3, admits a non zero Killing vector field X of constant length then n is even and M is diffeomorphic to the unit hypersphere of R n+1 . Actually, we show that M is a complex ellipsoid in C N = R n+1 . As an application we give a simpler proof of a recent theorem due to S. Deshmukh [2] .
Introduction
In a recent paper [2] , S. Deshmukh motivated by the Hopf vector fields of odd dimensional hyperspheres asked the following question:
"Does an orientable compact hypersurface in a Euclidean space that admits a unit Killing vector field ξ together with the condition that g(Aξ, ξ) is a constant necessarily isometric to a sphere?[sic]"
Deshmukh answer positively but his proof is not correct. In [2, page 972] after equation (7) he claims that the shape operator A of a hypersurface M satisfies
where {ψ t } is the flow of the unit Killing vector field ξ. This claim is false since the shape operator A contains extrinsic information about M. For example, if M is a plane curve and t its arc length parameter then ξ = ∂ t is a unit Killing vector field. But then the above equation implies that the curvature (i.e. the inverse of the radius of the osculating circle) of the plane curve M is constant which is not true for all plane curves.
It is known that compact hypersurfaces are orientable (see for example [5] ) so such hypothesis can be omitted from the above question.
In this article we show that besides Deskmush's wrong proof the answer to his question is indeed positive. Moreover, we show that the condition g(Aξ, ξ) to be constant, where g is the induced Riemannian metric on M, is not necessary to characterize M topologically and geometrically.
Here is our main result. Theorem 1.1. A compact hypersurface M ⊂ R n+1 that admits a unit Killing vector field ξ is diffeomorphic to an odd dimensional hypersphere. Actually, n + 1 = 2N and M is (up to isometry R n+1 ∼ = C N ) the complex ellipsoid defined by the equation
where
and M is a hypersphere of constant curvature.
For more about Killing vector fields of constant length on Riemannian manifolds see [1] .
Preliminaries
A Killing vector field X of the flat Euclidean space R n+1 is given by a pair X = (R, v) where R is a skew-symmetric matrix and v ∈ R n+1 is a vector. At a point p ∈ R n+1 , X(p) is given by the formula
The block diagonal form for skew-symmetric matrices can be used to introduce complex coordinates (z 1 , · · · , z N ) on the image of R. So, we have that R n+1 = C N ⊕ R k and the Killing vector field X is given by
, L > 0, be the set of points where the Killing vector field X has constant length L. The following is a straightforward consequence of equation (1).
n+1 is a smooth connected submanifold and the Killing vector field X is always tangent to H L X . Moreover, if H L X = ∅ then one of the following holds:
where ω 1 , · · · , ω N are non zero real numbers.
Here is another important consequence of equation (1) (z 1 , . . . , z N ) . Then for t ∈ T p E we have
Since ω 1 , · · · , ω N are non zero real numbers we get that the rank of the shape operator S p is 2N − 1. ✷
Main theorem
Theorem 3.1. Let (M n , g) be a connected compact Riemannian manifold of dimension n ≥ 3. Let ξ be a non zero Killing vector field of M with constant length L = ξ . If (M, g) can be isometrically embedded into the flat Euclidean space R n+1 then n is even and (i) the Killing vector field ξ extends to a Killing vector field
Proof. We will identify M with its image under the isometric embedding into R n+1 . The idea is that for n ≥ 3 hypersurfaces of R n+1 whose shape operator has rank ≥ 3 are rigid due to the theorem of Beez-Killing [4, page 46, Corollary 6.5]. Let A be the shape opertator of M. It is well known that M has a point q where A q is positive (or negative) definite [3, page 255] . Since the rank of A q is n the theorem of Beez-Killing implies that the Killing vector field ξ extends to a Killing vector field X of R n+1 near q.
then X is a parallel vector field i.e. X = v a constant vector. Then ξ is the restriction of a constant vector and so A q (ξ) = 0 which con- 
Further remarks
Surfaces in R 3 are not rigid so it is natural to ask about existence of compact surfaces with a unit Killing vector field in R 3 . The answer is that such surface does not exists. Indeed, it is not difficult to see that a unit Killing vector field of a surface is a parallel vector field. So the metric is flat. But a flat compact surface cannot be a surface in R 3 due to the classical theorem about existence of elliptic points [3, page 255] .
